The rupture of a 3D stationary free liquid film under the competing effects of surface tension and van der Waals forces is studied as a linearized stability problem in a purely irrotational analysis utilizing the dissipation method. The results of the foregoing analysis are compared with a 2D long-wave approximation that has given rise to an extensive literature on the rupture problem. The irrotational and long-wave approximations are here compared with the exact 2D solution. The exact solution and the two approximate theories give the same results for infinitely long waves. The problem considered depends on two dimensionless parameters, the Hamaker number and the Ohnesorge number. The Hamaker number is a dimensionless number defined as a measure of the ratio of van der Waals forces to surface tension. The exact solution and the two approximate solutions differ by <1% when the Hamaker number is small for all values of the Ohnesorge number. When the Ohhnesorge number is close to one, as in the case of water films separated by distance 100 Å, the long-wave approximation overestimates and the potential flow approximation underestimates the exact solution by similar small amounts. The high accuracy of the dissipation method shows that the effects of vorticity are small for small to moderate Hamaker numbers.
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A stable free liquid layer in balance between stabilizing surface tension and destabilizing van der Waals molecular forces can become unstable and be driven to rupture. Molecular forces are important in thin films in the range 100-1,000 Å. Ultrathin "black films" may arise from the stabilizing effects of electric double-layer potentials discussed by Overbeek (1) .
The rupture of a film often occurs in many contexts, the coalescence of droplets and bubbles, in the creation of dry patches, in the problem of aerodynamic dissemination (2) , and in the formation of holes in moving sheets from atomizers studied by Dombrowski and Fraser (3) . Stability analysis based on the free energy of stationary films for the critical thickness at which spontaneous local thinning first occurs was given by Vrij (4) and Scheludko (5). Ruckenstein and Jain (6) introduced the fundamental analytic simplification by introducing the disjoining pressure as an "extra pressure" analogous to other prescribed body forces in potential form and constructed a dynamic analysis based on the linear theory of stability. The term "disjoining pressure" was introduced by Deryagin to designate the excess pressure in a thin layer compared with a thick one. If film thickness h is small enough, the stabilizing effects of surface tension are insufficient and the film will thin under the influence of the large disjoining pressure. For a planar film, molecular interactions are accounted for in a strict thermodynamic theory through the concept of a disjoining pressure by Ivanov and Tosev (7) . The stability analysis gives the critical h, the wave length, and the maximum growth rate of the most unstable disturbance. Here, we introduce a method of stability analysis for the free film problem based on the dissipation method of viscous potential flow (8) . Stability studies based on the Navier-Stokes equations for long waves were considered by Ruckenstein and Jain (6), Gumerman and Homsy (9) , and in the nonlinear case by Williams and Davis (10) and Erneux and Davis (11). Maldarelli et al. (12) considered short-and long-wavelength perturbations of symmetrical and unsymmetrical membranes, assimilated with viscous liquids. Lucassen et al. (13) and Vrij et al. (14) solved the linear stability for a free liquid film in 2 dimensions utilizing a Hemholtz decomposition in which the vorticity distribution is given by a stream function. A recent comprehensive review of the long-wave and lubrication approximation approaches to the rupture of thin films can be found in Oron et al. (15) and Vaynblat et al. (16) . The rupture of free films may occur for finite length or short waves so that analysis that does not restrict disturbances to long waves should be done.
The formation of holes in moving liquid sheets is associated with Kelvin-Helmholtz (KH) instabilities in the presence of disjoining pressures. KH instabilities cannot occur without an active ambient gas and, if the gas is viscous, the discontinuous velocity of the basic flow will be smoothed by viscosity in a Navier-Stokes analysis. The analysis in this article is different than all others since it does not assume that the waves are long, it accounts for the extensional effects of viscosity, and is compatible with the discontinuous velocity associated with KH instability, in the case of moving sheets.
Mathematical Formulation
Consider a 3D stationary film of liquid of density ρ 1 and viscosity μ 1 , surface tension γ , and thickness h with transverse coordinate y and in plane coordinates x and z. The outer fluid has the density of ρ 2 and viscosity of μ 2 . The symmetric oscillation modes are considered here. Symmetric disturbances generate small film thicknesses periodically and are at greater risk for rupture than antisymmetric disturbances. In the linear analysis of the antisymmeric waves, disjoining pressure does not play a role. λ = 2π/k is the wavelength, t is the time, and σ is the growth rate. The continuity and linearized Navier-Stokes equations can be written as follows
where j = 1 is the liquid and j = 2 is the gas phase; u is the velocity field. Disjoining pressure is zero in the outer fluid and nonzero in the inner fluid defined as
where A is Hamaker constant.
Exact Solution in 2 Dimensions
Lucassen et al. (13) and Vrij et al. (14) considered this problem in a Helmholtz decomposition frequently used for free surface problems in 2 dimensions. We now will present an abbreviated summary of their solution suitable for comparison with the potential flow and long-wave approximations. The velocity field is related to the stream function ψ and the potential function φ as follows
After substituting Eq. 4 into Eqs. 1 and 2, we get
C j and C j are constant and can be calculated from the motionless solution. The normal and shear stresses at the free surface (y = h 0 2 + η), are given by
where h 0 is the undisturbed film thickness; η is the disturbance amplitude; τ = −pI + μ[∇u + ∇u T ] is the stress tensor. After subtracting the motionless solution
Eq. 7, we get
.
[9]
From the shear stress boundary condition, we get
For symmetric disturbances, we have
where m After reduction and combination of Eqs. 9 through 14, one finds a dimensionless dissipation relation for a thin film in vacuum in the form (14)
where σ * = .
Long-Wave Asymptotics
The expansion of Eq. 15 in powers of α = kh 0 is given by
For kh 0 → 0, Eq. 16 can be simplified as
The same dispersion relation was derived by Erneux and Davis (11) for the rupture of free liquid films in the same asymptotic limit. They followed a different procedure in which the nonlinear equations are first expanded in powers of kh and then linearized. The linearized long-wave equation and the potential flow equations derived in the next section apply in 3D, but the exact solution has been derived only in 2D (see Eq. 4). Eq. 17 is a quadratic equation that is readily solved; the growth rate is always real; oscillations do not occur. The disturbance grows exponentially below the cutoff wavenumber (Ha/α 2 = 1) and decays exponentially in time above the cutoff value. Surface tension is stabilizing and disjoining pressure is destabilizing. The maximum growth rate and the associated wavenumber can be obtained as
Dissipation Method (Viscous Correction of Viscous Potential Flow)
The effects of viscosity on irrotational motion of a thin sheet will now be considered. In gas-liquid flows, the viscous normal stress does not vanish and it can be evaluated on the potential flow as explained by Joseph et al. (8) . The continuity of the shear stress is not required in viscous potential flow (VPF). In fact, the continuity of the shear stress generates a vorticity layer. In many cases this layer is thin, and its influence on the bulk motion and on the irrotational effects of viscosity is minor. Another purely irrotational theory of flow of viscous fluid is associated with the dissipation method (DM). The dissipation method was used by Lamb (17) to compute the decay of irrotational waves that is due to viscosity. The dissipation method is explained in detail by Joseph et al. (ref. (8) , chap. 12) and they show that the dissipation method is identical to the viscous correction of viscous potential flow (VCVPF).
The energy equation for the irrotational flow of viscous sheet in vacuum can be written as (8)
where S is the interface with outward normal n. u s is the tangential velocity and τ s is an irrotational shear stress. Utilizing VCVPF, one can define viscous pressure correction as
This equation can be said to arise from the condition that the shear stress should vanish, but it does not vanish in the irrotational approximation. The normal stress balance for VCVPF is
where pressure is substituted by using the Bernoulli equation and . The potential function φ 1 satisfying Laplace's equation corresponding to symmetric oscillations can be written as
where k 2 = a 2 +b 2 . After subtracting the basic motionless solution from the linearized form of the normal stress boundary condition at the free surface (Eq. 21), we find that
[23]
The procedure used by Joseph and Wang (18) 
The maximum growth rate can be obtained in the usual way
[26]
Numerical Results
All 3 methods, the dissipation method (Eq. 25), the long-wave theory (Eq. 17), and the exact solution (Eq. 15), predict that the cutoff wavenumber occurs when γ − A πk 2 h 4 0 = 0; that is, when 
Long-wave theory, Erneux and Davis (11)
Oh 2 kh 0 = 0 (6) did a lubrication theory that leads to a maximum growth rate at kh 0 = 0. Their theory does not agree with experiments. Fig. 1 shows the comparison of the dissipation method, the exact solution, and the long-wave theory for Ha = 3 and Oh = 0.1. The maximum growth rate ([α 2 σ * ] m ), the most unstable wavenumber (α m ), and the cutoff wavenumber (α c ) are shown in this figure. The long-wave theory overestimates and the dissipation method underestimates the growth rate by similar small amounts. Fig. 2 compares the same methods for Ha = 3 and Oh = 1. At these conditions, the long-wave theory is closer to the exact solution and errors obtained from both approximation methods are small. Table 2 shows the comparison between maximum growth rate obtained from the dissipation method, the long-wave theory, and the exact solution. The error of the maximum growth rate for both approximation methods is shown in Table 3 , where the error is defined as ([
exact m . For small and intermediate Ha, the exact solution differs from both approximation methods by <1%. For high Ha and low Oh, the dissipation method is more accurate and for high Ha and high Oh, the long-wave theory is more accurate. Table 4 shows the most unstable wavenumber for each of these methods. For small and intermediate Ha, both approximation methods are in a very good agreement with the exact solution. For high Ha and low Oh, the dissipation method is more accurate, and for high Ha and high Oh, the long-wave theory is more accurate.
Discussion and Conclusion
Lucassen et al. (13) and Vrij et al. (14) solved the problem of linearized instability leading to film rupture of a stationary liquid sheet in a Helmholtz decomposition into a potential part giving the pressure plus a stream function part giving rise to vorticity. Their solution is valid in 2D and it is not evident how to extend the solution to 3D. Here, we have solved the 3D problem in a potential flow approximation based on the dissipation method. Erneux and Davis (11) expanded the governing equation in powers of kh, retaining only the first term. They look at the linearized long-wave equations that lead to the same dispersion relation as the leading order expansion of the exact dispersion relation. They have not compared their long-wave linearized theory with the exact solution. That comparison and the comparison of the exact solution with our viscous potential flow solution are done here. We find that the two approximate solutions are remarkably close to the exact solution for all values of the Ohnesorge number and small to moderate values of the Hamaker number. When the Ohnesorge number is close to one, as is the case of water films separated by a distance 100 Å, the long-wave approximation overestimates and the potential flow solution underestimates the exact solution by similar small amounts. The accuracy of the potential flow solution for small to moderate Hamaker numbers, and in other cases, shows that the effects of vorticity on the exact solution are small.
It is natural to ask why one considers approximate solutions when exact solutions are available. Potential flow solutions are approximations that are believed to apply in the limit of high Reynolds number. This idea leads to the classical theory of inviscid potential flow. Our long-term effort is to examine the proposition that the introduction of viscous potential flow greatly enriches the classical inviscid fluid approximation that has been so widely used. The theory of potential flows at finite and even small Reynolds is a rich theory that is in the very early stage of development.
Another reason to consider viscous potential flows is that in many problems it is at present not possible to get exact solutions of the Navier-Stokes equations. For example, the problem of Kelvin-Helmholtz instability is an instability due to a velocity difference that cannot be sustained in the Navier-Stokes theory but is perfectly compatible with viscous potential flow. Ever so many problems, like the rise velocity of a spherical cap bubble, which has so far resisted analysis by conventional methods, can be resolved with good accuracy even to very small Reynolds numbers by viscous potential flow as shown by Joseph (19) .
The case of long-wave asymptotics is different. In such approximations it is tacitly assumed that the inertial terms that repeatedly multiply harmonics ever driving the spectrum to smaller waves are unimportant. The constraints of long-wave asymptotics do not allow for the spreading of the spectrum to larger wavenumbers. In thinking about this, one should consider the empirical principle of Rayleigh which says that the wave with the largest growth rate is the mode that is expected to dominate in the nonlinear motion. A rigorous theory for this kind of selection is not available and is a great outstanding problem of the theory of stability. Evidently it is the action of viscosity on the decay of the short waves that drives the system to the wave of maximum growth in the linear theory. If this wave is long enough to live in the constrained world of long-wave asymptotics, good results may be expected. In the case of rupture of thin films the results of experiments that bear on this problem are not available.
